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Abstract. We report five measurements of the transverse baryonic acoustic scale, θBAO, ob-
tained from the angular two-point correlation function calculation for Luminous Red Galax-
ies of the eleventh data release of the Sloan Digital Sky Survey (SDSS). Each measurement
has been obtained by considering a thin redshift shell (δz = 0.01 and 0.02) in the interval
z ∈ [0.565, 0.660], which contains a large density of galaxies (∼ 20, 000 galaxies/redshift shell).
Differently from the three-dimensional Baryon Acoustic Oscillations (BAO) measurements,
these data points are obtained almost model-independently and provide a Cosmic Microwave
Background (CMB)-independent way to estimate the sound horizon rs. Assuming a time-
dependent equation-of-state parameter for the dark energy, we also discuss constraints on the
main cosmological parameters from θBAO and CMB data.
1Corresponding author.
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1 Introduction
The Baryon Acoustic Oscillations (BAO) left mensurable signatures in the distribution of
galaxies which have been robustly detected from data of galaxy redshift surveys [1, 2, 3,
4, 5, 6, 7]. In particular, the Sloan Digital Sky Survey (SDSS) has released, over sixteen
years [8], increasing 3-dimensional galaxy catalogs, making possible precise measurements
of the BAO scale at various redshifts. Such measurements, along with data from other
cosmological observables, e.g., type Ia Supernovae (SNIa) [9] and the Cosmic Microwave
Background (CMB) [10, 11], provide currently the most precise constraints on the late-time
evolution of the Universe [12].
As is well known, the BAO signature defines a statistical standard ruler and provides
independent estimates of the the Hubble parameter H(z) and the angular diameter distance
DA(z) through the radial (dr‖ = cδz/H(z)) and transverse (dr⊥ = (1 + z)DAθBAO) BAO
modes, respectively (for a recent review, see [13]). Measurements of the BAO scale are usually
obtained from the application of the spatial 2-point correlation function (2PCF) to a large
distribution of galaxies, where the BAO signature appears as a bump at the corresponding
scale. Analysis of this type assumes a fiducial cosmology in order to transform the measured
angular positions and redshifts into comoving distances and, as discussed in Refs. [1, 6] (see
also [7]), such conversion may bias the parameter constraints.
Another possibility is to use the angular 2-point correlation function (2PACF), w(θ),
which involves only the angular separation θ between pairs, yielding information of DA(z)
almost model-independently, provided that the comoving sound horizon rs is known. In order
to extract useful information from the 2PACF, the galaxy sample is divided into redshift
shells whose width must be quite narrow (δz ∼ 10−2) to avoid large projection effects from
the radial BAO signal [7, 14, 15, 16]. In a recent analysis, Carnero et al. [15] provided
the first determination of the angular BAO scale θBAO using ' 0.6 × 106 Luminous Red
Galaxies (LRGs), selected from the SDSS imaging data, with photometric redshifts. Covering
the redshift interval z ∈ [0.5, 0.6] (with bin size of δz = 0.1), they obtained θBAO(z¯ =
0.55) = (3.90 ± 0.38)◦. More recently, Carvalho et al. [16] used a different methodology to
measure θBAO from the LRGs sample of the tenth data release of the SDSS. In that work,
six new measurements of θBAO were obtained from a sample of 409,337 LRGs divided into
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narrow redshift bins of size δz = 0.01 and 0.02, with mean redshifts ranging in the interval
z¯ = 0.45 − 0.55. This latter analysis was complemented by two other measurements of the
transverse BAO scale at z¯ = 0.235 and z¯ = 0.365 obtained from 105,831 LRGs from the
seventh data release of the SDSS [17] and at z¯ = 2.225 using 10,526 quasars from twelfth
public Data Release Quasar catalogue (DR12Q) [18].
The goal of the present work is to extend the previous analyses in the following directions.
First, we use a denser LRGs catalog, i.e., the eleventh data release of the SDSS (DR11), which
includes 543,116 LRGs lying in the redshift interval z ∈ [0.43, 0.70]. Second, we obtain the
BAO angular scale at higher redshifts, which turns out to improve our final constraints on
the cosmological parameters. Finally, from this distribution of LRGs, we also provide a
determination of the sound horizon rs whose uncertainty is comparable with those estimated
by current CMB data.
This work is organized as follows. In Sec. 2 we explain the methodology used to measure
the BAO angular scale θBAO using 2PACF. The data set used in the analysis is described in
Sec. 3. The new five measurements of the BAO angular scale are presented and discussed in
Sec. 4. In Sec. 5, assuming a time-dependent parameterization of the dark energy equation
of state, w(z), we investigate the constraints on the dark energy parameters from the θBAO
measurements. We also discuss a CMB-independent estimate of the sound horizon rs. We
summarize our main results in Sec. 6.
2 Methodology
In what follows, we will describe the methodology used to measure the BAO angular scale
θBAO from the LGRs sample of the SDSS DR11. In order to avoid bias on the cosmological
constraints discussed in Sec. 5, we use an approach as model-independent as possible based
on the application of the 2-point angular correlation function (2PACF) considering narrows
redshifts bins. We follow closely the methodology introduced in Ref. [16].
The 2PACF is defined as the excess joint probability that two point sources are found in
two solid angle elements dΩ1 and dΩ2 with angular separation θ compared to a homogeneous
Poisson distribution [19] and is obtained by comparing the real catalog with random catalogs
that follow the geometry of the survey. Here, we adopt the Landy-Szalay estimator [20],
w(θ) =
DD(θ) − 2DR(θ) + RR(θ)
RR(θ)
, (2.1)
where DD(θ) and RR(θ) correspond to the number of galaxy pairs with angular separation
θ in data-data and random-random catalogs, respectively, whereas DR(θ) corresponds to the
number of pairs with separation θ calculated between a data-galaxy and a random-galaxy.
The transverse signal of the acoustic BAO scale manifests itself as a bump at certain angular
scale θFIT, which does not takes into account the corrections from the projection effects
discussed in Sec. 4.
Theoretically, the predicted 2PACF, wE , can be obtained from the 2PCF, ξE , as
wE(θ, z¯) =
∫ ∞
0
dz1 φ(z1)
∫ ∞
0
dz2 φ(z2) ξE(s, z¯) , (2.2)
where z¯ ≡ (z1 + z2)/2, with z2 = z1 + δz, φ(zi) is the normalised galaxy selection function at
zi and
ξE(s, z) =
∫ ∞
0
dk
2pi2
k2 j0(ks) b
2 Pm(k, z) . (2.3)
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z¯ z interval Ng
0.57 0.565 - 0.575 24,967
0.59 0.585 - 0.595 21,292
0.61 0.605 - 0.615 18,003
0.63 0.625 - 0.635 14,275
0.65 0.640 - 0.660 21,949
Table 1. The five redshift bins considered in the analysis and their numbers: mean redshift, z¯,
redshift interval and number of galaxies, Ng. The contiguous intervals are separated by a redshift
interval of size 0.005 to avoid correlation between the bins.
In the above expression, j0 is the zeroth order Bessel function, b is the galaxy bias and
Pm(k, z) is the matter power spectrum. The comoving distance between a pair of galaxies at
two redshifts z1 and z2, assuming a flat Friedmann-Lamaître-Robertson-Walker geometry, is
given by
s =
√
r2(z1) + r2(z2) − 2 r(z1) r(z2) cos θ12 , (2.4)
where θ12 is the angular distance between such pair of galaxies, and the radial distance
between the observer and a galaxy at redshift zi,
r(zi) = c
∫ zi
0
dz/H(z,p) , (2.5)
depends on the parameters p of the fiducial cosmology adopted in the analysis through the
Hubble parameterH. Because the bin shells considered in this analysis are narrow, δz ∼ 10−2,
then z1 ≈ z2 and ξE(s, z1) ' ξE(s, z2). This amounts to saying that one can safely assume
that ξE(s, z¯) depends only on the constant z¯ (we refer the reader to [16] for a more detailed
discussion on this issue).
3 The Galaxy catalog
The eleventh data release used in this analysis is part of the Baryon Oscillation Spectroscopy
Survey (BOSS) experiment and comprises the penultimate release from the SDSS third phase
(SDSS-III) in a volume of 13 Gpc3. As the other SDSS-III data releases, the DR11 was
divided into two samples: LOWZ (3 Gpc3) and CMASS (10 Gpc3). The LOWZ mapped red
galaxies tripling the spatial density provided by the previous SDSS-II for low-redshift galaxy
population in range 0.15 < z < 0.43 whereas the CMASS selection algorithm targets higher
redshift galaxies in range 0.43 < z < 0.7 [21]. The CMASS sample contains 543,116 LRGs,
i.e., 133,779 LRGs more than the tenth data release. The high DR11 galaxy density allows
to compute the 2PACF in five narrow redshift shells (δz = 0.01 and 0.02) with redshift mean
z¯ = 0.57, 0.59, 0.61, 0.63, 0.65, as shown in Table 1. It is worth observing that we consider
shells that are separated by a redshift interval of 0.005 to avoid correlations between them.
4 BAO measurement
As extensively discussed in Ref. [16] (see also [17, 18]), the application of the 2PACF to
the data usually exhibits more than a single bump which, in general, is due to systematic
effects present in the galaxy catalogs. Previously in the literature (see, e.g., [15]), the usual
procedure to identify which one corresponds to the real BAO scale was to compare the bump
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Figure 1. The 2PACF as a funtion of θ [deg] for five bin redshift intervals using the DR11-SDSS
data (bullets) and Eq. (4.1) (continuous line). The BAO location and the width are related to θFIT
and σFIT , respectively.
scales observed in the 2PACF with the prediction of the standard cosmology obtained from
Eqs. (2.2) and (2.3). Here, in order to perform an analysis as model-independent as possible,
we adopt the two criteria to identify the real BAO scale introduced in Sec. 4 of Ref. [16],
namely, the “bin size” and “shifts of the galaxies angular coordinates” criteria.
The BAO signature in our analyzes are fully robust under systematic effects (as observed
in Fig. (2)) such as the total galaxy weight parameter, which combines the angular systematics
weight with the fibre collision and redshift failure nearest-neighbour weights, producing a
quantitative total weight of these effects.
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Figure 2. The comparison of our 2PACF analyses with and without considering total galaxy weight
parameter.
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Ωbh
2 Ωch
2 100Θ τ Ase9 ns
0.0226 0.112 1.04 0.09 2.2 0.96
Table 2. Values of the cosmological parameters assumed in the calculation of the correction factor
α.
z¯ α(z, δz)[%] θFIT [deg] σθBAO [deg] θBAO[deg]
0.57 0.28 4.61 0.40 4.62
0.59 0.32 4.36 0.35 4.37
0.61 0.41 3.85 0.33 3.86
0.63 0.56 3.86 0.42 3.88
0.65 1.44 3.49 0.17 3.54
Table 3. Values of the cosmological parameters assumed in the calculation of the correction factor
α.
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Figure 3. Angular BAO scale, θBAO, as a function of the redshift, z, with 13 data points obtained
using a model-independent procedure through the analyses of the 2PACF using galaxy the catalogs
from SDSS DR7, DR10, and DR11, also the quasar catalog from DR12. The curves correspond to the
ΛCDM prediction with the sound horizon fixed at the WMAP-9yr (rs = 106.6 Mpc/h) and Planck
(rs = 100.3 Mpc/h) values with rs error as a shadow.
After identifying the true BAO bumps, we obtain the angular BAO scale using the
method of Ref. [14], which parameterises the 2PACF as a sum of a power law and a Gaussian
peak, i.e.,
wFIT (θ) = A+Bθ
ν + Ce
− (θ−θFIT )
2
2σ2
FIT , (4.1)
where A,B,C, ν, and σFIT are free parameters, and θFIT and σFIT correspond, respectively,
to the position of the acoustic scale and the width of the bump. As physically expected, the
results of figure 1 show a clear change in the θFIT toward smaller values as z increases.
As discussed in Refs. [14, 16, 17, 18], the true BAO scale, θBAO, and the values of θFIT
obtained from Eq. (4.1) do not coincide since δz 6= 0. In order to account for the projection
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Figure 4. The contours removing one data of the z¯ = 0.57, 0.59, 0.61, 0.63, 0.65 for each time.
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Figure 5. Left) The Ωm - w0 plane obtained from the θ(z) data displayed in Table 3. Note that
the combination between θBAO(z) and CMB sharply limits the allowed range of the cosmological
parameters. Right) The same as in the previous panel for the w0 - wa plane.
effects due to the width of the redshift shell, we calculate the angular correlation function
given by Eqs. (2.2) and (2.3) for δz = 0 and δz = 0.01 and 0.02 (according to Table 1). The
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data removed ΩM w0
z = 0.57 0.3 -0.95
z = 0.59 0.3 -0.95
z = 0.61 0.3 -0.94
z = 0.63 0.3 -0.94
z = 0.65 0.32 -0.88
Table 4. The best-fit removing one data obtained.
correction factor α is obtained by comparing the peak position in both cases, i.e.,
α =
θ0E − θδzE
θ0E
. (4.2)
To perform this calculation we have to assume a fiducial cosmology1. Here we assume a flat
ΛCDM cosmology with the values of the baryon (Ωbh2) and cold dark matter (Ωch2) densities,
the ratio between the sound horizon and the angular diameter distance at decoupling (Θ), the
optical depth to reionization (τ), the overall normalization of the primordial power spectrum
(As), and the the effective tilt (ns) given in Table 2. We also consider purely adiabatic initial
conditions and set sum of neutrino masses to 0.06 eV.
After corrections, the values of the BAO angular scale are given by
θBAO(z, δz) = θFIT + α(z, δz)θ
0
E(z) , (4.3)
and displayed in Table 3. As expected, we note that the largest correction occurs for the shell
with δz = 0.02 (∆z = [0.64, 0.66]), i.e., α = 1.44%. It is worth mentioning that changing the
fiducial cosmology (e.g., considering a time-dependent dark energy equation-of-state) does
not alter significantly these results, as shown in Ref. [16]. Therefore, given the small width
of the shells considered in our analysis, it is possible to say that our measurements of θBAO
are almost cosmological model-independent2.
We also performed tests to validate how rare (or outlier) is each of the 5 measured values
of DA(z)/rs. Our analysis determined their individual impact by removing one of them each
time, so that we performed 5 tests with a set of 13-1=12 values each time. Then we quantify
how different are these results by comparing the relative difference with respect to the result
considering the 8+5=13 measurements. The results, displayed in the Fig (4) and Table 4,
show that all 5 measurements are well-behaved.
4.1 The Covariance Matrix
In order to compute the 2PACF error bars, we follow [18] that showed that the jackknife
method provides a better result in the acoustic scale determination when compared with
other methods, such as bootstrap.
The jackknife method consists of computing N times the correlation function by remov-
ing part of the real sample in each computation. In order to avoid correlations between the
different sub-samples we split the real data into 30 pieces. Then we assume N sub-samples
1Although α very small, this is the first source of model-dependence in our analysis.
2For large shells of redshift, e.g. δz ' 0.1, the α correction increases significantly and becomes strongly
dependent on the fiducial cosmology adopted in the analysis (see Fig. (3) of Ref. [15]).
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with a (N−1)/N fraction of the real volume. The covariance matrix for the jackknife method
assuming {w1, w2, · · · , wN} sub-samples is given by
C(wi, wj) =
(N − 1)
N
N∑
n=1
(wn(θi)− w¯(θi)) (wn(θj)− w¯(θj)) , (4.4)
where
w¯(θi) =
N∑
n=1
wn(θi)
N
. (4.5)
The 2PACF error bar for each θ bin corresponds to the square root of its respective diagonal
element of the covariance matrix.
5 Cosmological Constraints
In terms of the angular diameter distance, DA = r(z)/(1 + z), where r(z) is given by Eq.
(2.5), the BAO angular scale can be written as
θBAO =
rs
(1 + z)DA(z)
, (5.1)
where the sound horizon is defined as rs =
∫∞
zd
dzcs(z)/H(z) with zd being the redshift of
the drag epoch and cs(z) the sound speed of the photon-baryon fluid. The evolution of θBAO
with redshift is shown in Fig. (3) along with the data points obtained in this analysis (gray)
and also in Refs. [16] (red), [17] (green), and [18] (orange), which used the same methodology
adopted here. The thick gray and green curves correspond, respectively, to the prediction of
the standard cosmology assuming Ωm = 0.27 and two different values of sound horizon, i.e.,
rs = 106.61 ± 3.47 Mpc/h (68.3% C.L.), obtained by the Wilkinson Microwave Anisotropy
Probe (WMAP) collaboration [10] and rs = 100.29 ± 2.26 Mpc/h (68.3% C.L.), derived by
the Planck Collaboration [11].
In order to derive cosmological constraints from the θBAO data displayed in Table 3,
we consider two different cosmologies, namely, a varying dark energy model with equation-
of-state (EoS) parameter given by w(a) = w0 + wa(1 − a) (waCDM) and a scenario with a
constant EoS parameter, wa = 0 and w0 6= −1 (wCDM), which includes the standard ΛCDM
cosmology (w0 = −1) as a particular case. Assuming the WMAP-9yr estimate of the sound
horizon3, we show the resulting cosmological constraints for the combined DR7, DR10, DR11,
and DR12Q θBAO data in Fig. (5). Clearly, this combination of data alone is consistent with
a wide range of w0 and wa values (gray contours). On the other hand, tighter constraints
are obtained by combining our θBAO measurements with CMB data, e.g., with the CMB
shift parameter, R = √Ωm
∫ zls
0 dzH0/H(z), where zls is the redshift of the last scattering
surface. In order to avoid double counting of information with the sound horizon from WMAP
Collaboration used in the θBAO analysis, we use R = 1.7407 ± 0.0094, as given the Planck
Collaboration [11]. The joint analysis provides: (w0, wa) = (−0.93± 0.145,−0.1± 0.605) and
(Ωm, w0) = (0.30± 0.01,−0.94± 0.055) at 68.3% (C.L.).
As mentioned earlier, from Eq. (5.1), an independent estimate of the sound horizon
directly from the distribution of galaxy can be directly obtained assuming a given cosmol-
ogy. In order to compare our results with the CMB estimates of rs from WMAP and Planck
3This is the second source of model-dependence in our analysis since the most precise measurements of rs
are obtained using CMB data assuming a given cosmology.
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Figure 6. The confidence contours in the Ωm - rs plane for ΛCDM model assuming the estimate of
the matter density parameter from type Ia supernova data
Reference rs (Mpc/h)
WMAP-9yr [10] 106.61± 3.47
Planck [11] 100.29± 2.26
Heavens et. al. (2014) [22] 101.9± 1.9
Carvalho et. al. (2016) [16] 107.6± 2.3
Verde et. al. (2017) [23] 102.3± 1.6
This paper 107.4± 1.7
Table 5. Current estimates of the sound horizon rs.
collaborations, we also assume a flat ΛCDM cosmology. We find rs = 104.0 ± 4.0 Mpc/h
(68.3% C.L.), which is in good agreement with both WMAP-9yr and Planck estimates. Con-
sidering a prior on the matter density parameter, Ωm = 0.295 ± 0.034 at 68.3% (C.L.), as
given by current supernova data [9], we obtain our final estimate of the sound horizon, i.e.,
rs = 107.4± 1.7h−1 Mpc at 68.3% C.L. (Fig. (5)), which is in good agreement with WMAP-
9yr results and ∼ 3σ off from the central value obtained by the Planck collaboration. For
completeness, we summarize the current measurements and estimates of the sound horizon
in Table 5.
6 Conclusions
In this paper we have extended previous analyses [16, 17] and reported five new measurements
of the angular BAO scale, θBAO, in the redshift interval 0.43 < z < 0.70 using the LRGs sam-
ple of the SDSS DR11. Differently from the 2PCF analysis usually adopted in the literature,
which assumes a fiducial cosmology in order to transform the measured angular positions
and redshifts into distances, the 2PACF methodology adopted here involves only the angular
separation between pairs, providing a measurement of θBAO almost model-independently.
Two sources of model-dependence, however, can be directly identified in our analysis,
namely, the theoretical model assumed in the calculation of the α-correction discussed in
Sec. 4 and the value of rs adopted in the statistical analysis presented in Sec. 5. The former
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introduces a 1-2% correction in the θBAO position (see Table 3), given the width of the redshift
shell considered in our analysis (δz = 0.1− 0.2), whereas the latter depends basically on the
physics of the early universe, which is similar in most of the viable cosmological models.
The five data points reported in this work, together with the eight data points of
Refs. [16, 17], span the redshift interval z ∈ [0.2, 0.66] for LRGs data and improve our pre-
vious constraints on the dark energy parameters w0 and wa, as shown in Sec. 5. When
combined with CMB data, we have found (w0, wa) = (−0.93 ± 0.145,−0.1 ± 0.605) and
(Ωm, w0) = (0.30 ± 0.01,−0.94 ± 0.055) at 68.3% (C.L.), which is in agreement with the
standard ΛCDM model as well as some of its extensions.
Finally, given the current disagreement in what concerns the value of the rs estimated
by the two most recent CMB data sets, an important task nowadays is to derive independent
estimates of this quantity from other observables. Here, we have obtained a new measurement
from low-z galaxy clustering data, rs = 107.4 ± 1.6 Mpc/h (68.3% C. L.). Our result is in
good agreement with the one derived by the WMAP Collaboration but in some tension with
the current estimate from the Planck Collaboration.
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